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Abstract 

A systematic review of the various topologies that can be defined on the 
projective Hilbert space ViTi), i.e., on the set of the pure quantum states, 
is presented. It is shown that P(7i) carries a natural topology as well as 
a natural measurable structure. 
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1 Introduction 

Based on ideas of Misra |T3], it was essentially the late S. Bugajski who recog- 
nized that the statistical (probabilistic) framework of quantum mechanics can 
be understood as a reduced classical probability theory on the projective Hilbert 
space Viji.) [H [1] [TTl HH IHj . In a forthcoming paper [7] a suggestive definition of 
a classical extension of quantum mechanics is given and it is proved that every 
such classical extension is essentially equivalent to the Misra-Bugajski scheme. 
Moreover, it is known that 'P{TL), considered as a real differentiable manifold, 
carries a Riemannian as well as a symplectic structure, the latter enabling one 
to reformulate quantum dynamics on the (in general infinite-dimensional) phase 
space V{'H) [lOl [121 HI [H [3l [2] . Thus, quantum mechanics can be considered as 
some reduced classical statistical mechanics. 

In order to take the projective Hilbert space V{TL) as a sample space for clas- 
sical probability theory, ViTi.) must be equipped with a measurable structure. 
To make ViTi) a differentiable manifold, it should be equipped with a topology 
first. The elements of ViTL) can be interpreted as equivalence classes of vectors 
G 7i, (/5 7^ 0, as equivalence classes of unit vectors, as the one-dimensional 
subspaces of 7i, or as the one-dimensional orthogonal projections acting in TL. 
So, on the one hand, two qoutient topologies can be defined on V{Ti) whereas, 
on the other hand, all the different operator topologies induce topologies on 
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V{H). In Section 2 we undertake a systematic review and comparison, already 
sketched out in [5], of the various topologies on VCH) and show that all the 
topologies are the same, thus giving a natural topology T on V{H). Further- 
more, in Section 3 we present a simple proof that the Borel structure generated 
by the topology T coincides with the measurable structure generated by the 
transition probability functions of the pure quantum states; our proof simplifies 
a proof of Misra from 1974 for a corresponding statement |T3]. 



2 The Topology of the Projective Hilbert Space 



Let H ^ {0} be a nontrivial separable complex Hilbert space. Call two vectors 
of 7i* := TiX {0} equivalent if they differ by a complex factor, and define the 
projective Hilbert space V(Ti.) to be the set of the corresponding equivalence 
classes which are often called rays. Instead of H* one can consider only the 
unit sphere oiH, S := {ip G H\ \\ip\\ = 1}. Then two unit vectors are called 
equivalent if they differ by a phase factor, and the set of the corresponding 
equivalence classes, i.e., the set of the unit rays, is denoted by S/S^ (in this 
context, is understood as the set of all phase factors, i.e., as the set of 
all complex numbers of modulus 1). Clearly, S/S^ can be identified with the 
projective Hilbert space 7'(7i). Furthermore, we can consider the elements of 
'P{'H) also as the one-dimensional subspaces of TC or, equivalently, as the one- 
dimensional orthogonal projections P = P,p = \(p){(p\, \\ip\\ — 1. 

The set 7i* and the unit sphere S carry the topologies induced by the metric 
topology of H. Using the canonical projections [i-.H,*^ 'P('W), m(</') := \p\-, 
and v. S S/S^, vix) '■— [x]sj where [(p] is a ray and [x]^ a unit ray, we can 
equip the quotient sets Viji) and S/S^ with their quotient topologies 7^ and 
Ty. Considering 7^, a set O C S/S^ is called open if v~^{0) is open. 

Theorem 1 The set S/S^, equipped with the quotient topology 7^, is a second- 
countable Hausdorff space, and v is an open continuous mapping. 

Proof. By definition of 71/, v is continuous. To show that is open, let U be 
an open set of S. From 



S"! = {A e C I |A| = 1}, it follows that iy~^{v{U)) C 5 is open. So v{U) C S/S^ 
is open; hence, v is open. 

Next consider two different unit rays [(p]s and [if^js where ip,ijj & S and 
= 1 — e, 0<£<1. Since the mapping x '-^ \{v\x)\j X G -S*, is continuous, 
the sets 



z."iKC/))=.^-i({[x]s|xe^})= U ^f^' 



[/i:={xe5||Mx)|>l-f} 



(1) 



and 



U2:^ {xe5||(^|x)| <!-§} 



(2) 
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are open neighborhoods of and -0, respectively. Consequently, the sets Oi := 
^{Ui) and O2 := i'{U2) are open neighborhoods of [(f]s and [ijj]s, respectively. 
Assume Oi n02 7^ 0. Let [(,]s e Oi n02, then [^]s = i^ixi) = HX2) where xi e 
Ui and X2 G t^2- It follows that xi and X2 are equivalent, so K^sjxi)! = |((^|x2)|, 
in contradiction to xi G Ui and X2 G f^2- Hence, Oi and O2 are disjoint, and 
%, is separating. 

Finally, let ,B = {f/„ | n G N} be a countable base of the topology of S and 
define the open sets 0„ := y{Un)- We show that {0„ | n G N} is a base of 
7^. For O G 7^, we have that v~^{0) is an open set of S and consequently 
i^~^(0) = UneM where Un &B and M C N. Since is surjective, it follows 
that 



Hence, {0„ | n G N} is a countable base of 7^. □ 

Analogously, it can be proved that the topology 7^ onV{H) is separating and 
second-countable and that the canonical projection fj, is open (and continuous 
by the definition of 7^). Moreover, one can show that the natural bijection 



Thus, identifying V{Ti.) and Sj by /?, the topologies 7^ and %^ arc the same. 

We denote the real vector space of the self-adjoint trace-class operators by 
Ts{H) and the real vector space of all bounded self-adjoint operators by BsiH); 
endowed with the trace norm and the usual operator norm, respectively, these 
spaces are Banach spaces. As is well known, Bs(H) can be considered as the 
dual space (7^(H))' where the duality is given by the trace functional. Let «S(W) 
be the convex set of all positive trace-class operators of trace 1; the operators 
of S{7i) are the density operators and describe the quantum states. We recall 
that the extreme points of the convex set 5(7i), i.e., the pure quantum states, 
are the one-dimensional orthogonal projections P = P^, \\ip\\ = 1. We denote 
the set of these extreme points, i.e., the extreme boundary, by deS{H). 

The above definition ofV{H) and S/S^ as well as of their quotient topologies 
is related to a geometrical point of view. From an operator-theoretical point of 
view, it is more obvious to identify with dgSiTi) and to restrict one of 

the various operator topologies to deS{7i). A further definition of a topology 
on deSiTi) is suggested by the interpretation of the one-dimensional projec- 
tions P G deS{H) as the pure quantum states and by the requirement that the 
transition probabilities between two pure states are continuous functions. Next 
we consider, taking account of deSCH) C S{Tl) C 7^(H) C BsiH), the metric 
topologies ondeS{H) induced by the trace-norm topology of 7^ (H), resp., by the 
norm toplogy of BsCH). After that we introduce the weak topology on deSiTi) 
defined by the transition-probability functions as well as the restrictions of sev- 
eral weak operator topologies to deS(TL). Finally, we shall prove the surprising 
result that all the many toplogies on 'P(W) = S/S^ = deS{'H) are equivalent. 



Theorem 2 Let P^ = \ip){ip\ G deS{H) and P^ = G deS{H) where 

M = U\\ = 1- Then 




p-.ViH) ^ S/S\ /3(M) : 



I "^(Ms) = [x]j is a homeomorphism. 
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where the norm \\-\\ is the usual operator norm 

(b) 

PtriPip, P4,) := II^V ^ -f^lltr = 2 \\P^ - -Pvll ' 

m particular, the metrics pn and ptr on deS{TL) induced by the operator 
norm \\-\\ and the trace norm \\-\\^^ are equivalent 

(c) 

\\P^-PA < ll^-V'll, 

in particular, the mapping ip 1-^ from S into 9e5(7i) is continuous, 
deS{TL) being equipped with p„ or ptr- 

Proof. To prove (a) and (b), assume P^ ^ P^, otherwise the statements 
are trivial. Then the range of P^p — is a two-dimensional subspace of 7i 
and is spanned by the two linearly independent unit vectors and t/;. Since 
eigenvectors of P<^ — belonging to eigenvalues A 7^ must lie in the range 
of P(p — P^, they can be written as x = a^p + jdi]}. Therefore, the eigenvalue 
problem (P^p ~ P^;)x = ^Xi X 7^ 0, is equivalent to the two linear equations 

(l-A)a+(^|V)/3 = 
-(V'|¥>)a-(l + A)/3 = 

where a ^ or /3 7^ 0. It follows that A = - |(</3|V')P =: Ai,2. Hence, P^ - 

P^ has the eigenvalues Ai, 0, and A2. Now, from ||P^ — P^|| — max{|Ai|, IA2I} 
and IIP^ — P^llj^ = |Ai| + IA2I, we obtain the statements (a) and (b). — From 

< Wii - p^)ipf + u ~ p^ipf 

= - p^)^ - - p^^)f 

= llv'-V'll^ 

we conclude statement (c). □ 

According to statement (b) of Theorem [51 the metrics pn and pn give rise 
to the same topology = 7^r as well as to the same uniform structures. 

Theorem 3 Equipped with either of the two metrics pn and ptr, deS(Ti.) is 
separable and complete. 

Proof. As a metric subspace of the separable Hilbert space Ti., the unit 
sphere S is separable. Therefore, by statement (c) of Theorem [5J the metric 
space {deS{H), Pn) is separable and so is {deS{H), ptr) (the latter, moreover, 
implies the trace-norm separability of Ts{'H)). Now let {P,i}„eN be a Cauchy 
sequence in {deS (H) , pu) ■ Then there exists an operator A E Tsi'H) such that 
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\Pn — A\\^^ ^ as well as ||P„ — ^|1 ^ as n ^ oo (remember that, on TsCH), 
I'llj^ is stronger than ||-||). From 

\\Pn - ^ \\A^ - P^W < \\A^ - AP^W + \\APn - P^W 

< \\A\\\\A-Pn\\ + \\A-Pn\\ 





as n 



CO we obtain A — lim„_,oo Pn — A^: moreover, 



tiA^trAI^ lim tr P„/ = 1. 

n — >oo 

Hence, A is a one-dimensional orthogonal projection, i.e., A G deS{Ti.). □ 
Next we equip deS{Ti) with the topology Tq generated by the fmictions 

P^hQ{P):=ivPQ = \{^m^ (3) 

where P ^ & deS{H), Q ^ \^){^\ ^ deS{n), and U\\ = H^^H = 1. 

That is, Tq is the coarsest topology on deS{H) such that all the real-valued 
functions hg are continuous. Note that tr PQ = \ {<p\ip)\^ can be interpreted as 
the transition probability between the two pure states P and Q. 

Lemma 1 The set deS{Ti.), equipped with the topology Tq, is a second- countable 
Hausdorff space. A countable base of Tq is given by the finite intersections of 
the open sets 

Uklm hQl{]qi-:^,qi + ^[) 

= {P edeS{H)\\tyPQk-qi\<^,} 

where {Qk}k£N is a sequence of one- dimensional orthogonal projections being 
Pn-dense in deS{H), is a sequence of numbers being dense in [0, 1] C E, 

and m G N. 

Proof. Let Pi and P2 be any two different one-dimensional projections. 
Choosing Q = Pi in we obtain hp^ {Pi) = 1 ^ hp^ (P2) = l-e, 0<e<l. 
The sets 

C/i:={Pe9e5(7^)|/ip,(P)>l-|} 

and 

U2:={Pe d,s{n) I /ip, (p) < 1 - 1 } 

(cf. Eqs. Il]) and ^) are disjoint open neighborhoods of Pi and P2, respectively. 
So To is separating. 

For an open set OCR, hq^iO) is To-open. We next prove that 

U:=hQ\0)= y C/m™ (5) 

with Ukim according to (|4]). Let P E U. Then there exists an e > such that 
the interval ]/iq(P) — s, hQ{P) + e[ is contained in O. Choose mo G N such that 
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^ < |, and choose a member qi^ of the sequence {(?i}/eN and a member Qkg of 
{Qk}k£N such that ItrPQ - qi„\ < ^ and \\Qko ~ Q\\ < It follows that 

|tr PQk„ - qi„ I < |tr PQk„ - tr PQ\ + \ty PQ - qi^ \ 

< \\Qko~Q\\ + \tTPQ-qio\ 

mo 

which, by (|4]), means that P e Ukoiomo- We further have to show that Ukoiomo ^ 
U. To that end, let P E Ukoiomo- Then, from 

|tr Pg - tr PQ| < |tr PQ - tr PQfc„ | + |tr PQuo -qio\ + ho - PQ\ 

where the first term on the right-hand side is again smaller than HQ — Qfco|| 
and, by ([4]), the second term is smaller than it follows that 

\hQ{P) - hQ{P)\ = |tr PQ - trPQl < ^ + + ^ = 4 < e. 

This implies that /iq(P) e ]/iq(P) - e, /iq(P) + e[ C O, i.e., P G /iq^(O) = U. 

Hence, Ukoiomo ^ t^- 

Summarizing, we have shown that, for P e U, P E Ukoiomo ^ C^- Hence, U C 
U;7fci cf7 Ukim C [/, and assertion ([5]) has been proved. The finite intersections 
of sets of the form U = hQ^{0) constitute a basis of the topology %. Since 
every set U = hQ^{0) is the union of sets Ukim, the intersections of finitely 
many sets U — hg^lO) is the union of finite intersections of sets Ukim- Thus, 
the finite intersections of the sets Ukhn constitute a countable base of Tq. □ 

Later we shall see that the topological space {deS {?{),%) is homeomorphic 
to {deS{'H),%i) as well as to {S/S^,%). So it is also clear by Theorem [3] or 
Theorem [T] that {deS{'H), Tq) is a second-countable Hausdorff space. The reason 
for stating Lemma [1] is that later we shall make explicit use of the particular 
countable base given there. 

The weak operator topology on the space BsiH) of the bounded self-adjoint 
operators on H is the coarsest topology such that the linear functionals 

A i-> {(p\Atp) 

where A g Bs{Ti.) and ipyip G 7i, are continuous. It is sufficient to consider only 
the functionals 

A ^ {^\Aip) (6) 

where (f E H and = 1. The topology 7^ induced on deS{H) C Bgiji.) by 
the weak operator topology is the coarsest topology on deS{TL) such that the 
restrictions of the linear functionals ^ to deS{Ti) are continuous. Since these 
restrictions are given by 

P^ (^|P^) ^trPQ^hQ{P) 

where P G deS{H) and Q := \ip)(ip\ G deS{H), the topology 7^ on deS{H) is, 
according to ([3]), just our topology Tq. 

Now we compare the weak topology Tq with the metric topology 7^. 
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Theorem 4 The weak topology Tq on deS(Ti.) and the metric topology Tn on 
deS{Ti.) are equal. 

Proof. According to ([3]), a neighborhood base of P G dpS{TC) w.r.t. Tq is 
given by the open sets 

C/(P;Qi,...,g„;e) 

n 

,.=1 (7) 

- {PedeS{n) \ \hQ^{P) - hQ^iP)\ <efori-l,...,n} 

= {P e deS{n) I |tr PQi -trPQi I < e for i = 1, . . . , 71} 

where Qi, . . . , Qn £ deS{Ti) and e > 0; a neighborhood base of P w.r.t. 7^ is 
given by the open balls 

K,{P):^{P(^deS{n)\\\P-P\\<e]. (8) 
If ||P- P||< e, then 

|trPQ, -trPQ,| = |trQ,(P-P)| < HQdlt, ||P - P|| = H^^-^^H < e; 

hence, K^{P) C [/(P; Qi, . . . , (5„; e). To show some converse inclusion, take 
account of Theorem [21 part (a), and note that 

||P-P||^ = l-trPP= |trPP-trPP|. 

In consequence, by JT]) and (gl), U{P; P; e^) = K,{P). Hence, %=%,. □ 

It looks surprising that the topolgies Tq and Tn coincide. In fact, consider 
the sequence {Pip^}neN where the vectors ipn (z Ti. constitute an orthonormal 
system. Then, w.r.t. the weak operator topology, P^^ — > as n — > 00 whereas 
W^Vn — ^Vti+i|| — 1 n e N. However, ^ deSiJi); so {Py^}„gN is 

convergent neither w.r.t. 7^ = Tq nor w.r.t. Tn- Finally, like in the case of 
the weak operator topology, there is a natural uniform structure inducing Tq. 
The uniform structures that are canonically related to Tq and %i are different: 
{PiPn}riefi is a Cauchy sequence w.r.t. the uniform structure belonging to Tq but 
not w.r.t. that belonging to 7^, i.e., w.r.t. the metric p„. 

We remark that besides Tq and 7^ several further weak topologies can be 
defined on deS{TL). Let Cs(7i) be the Banach space of the compact self-adjoint 
operators and remember that (Cs(7i))' = Ts{TL). So the weak Banach-space 
topologies of CsiH), Ts{H), and Bs{H) as well as the weak-* Banach-space 
topologies of Ts{H) and Bs{H) can be restricted to deS{Ti.), thus giving the 
topologies Ti := a{Cs{n),%{n)) n deSiH), T2 := a{%{n),Cs{n)) n deS{n), 
% a{%{H),B,{H)) deS{H), % := a{B,{n),%(n)) n deSiJi), and % := 
a{Bs{'H), {BsiTL))') n deS{H). Moreover, the strong operator topology induces 
a topology Ts on deS{'H). From the obvious inclusions 

T„ C Ti C Ta C Ta C 
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and 

T C T C T 
as well as from the shown equality 

%) =Tw = %i = %,Y 

it follows that the topologies Ti,. . . and Tg also coincide with Tq. 

Finally, we show that all the topologies on deS{Ti) are equivalent to the 
quotient topologies 7^ and % on V{H), resp., S/S^. 

Theorem 5 The mapping F : S/S^ — > deS{TL), F{[if\s := P^p where (p G S, is 
a homeomorphism between the topological spaces (3/3^,%^) and ((?e5(7i), Tq). 

Proof. The mapping F is bijective. The map kg o F o v : — s- R where Hq 
is any of the functions given by Eq. ^ and v is the canonical projection from 
5* onto 3/3^, reads explicitly 

{hgoFo i^){ip) = hQ{F{[ip]s)) = hgiP^) = tr P^Q = i^lQip); 

therefore, kg o F o i/ is continuous. Consequently, for an open set OCR, 

{hQoFo„)-\0) = ,y-'{F-^hQ\0))) 

is an open set of 3. By the definition of the quotient topology 7^, it follows 
that F-^ihg^O)) is an open set of 3/3^. Since the sets /iq^(O), Q € deS{Ti), 
OCR open, generate the weak topology Tq, F^^{U) is open for any open set 
U G Tq. Hence, F is continuous. 

To show that F is an open mapping, let V G %, be an open subset of 3/3^ 
and let [(po]s G V. Since the canonical projection v is continuous, there exists 
an e > such that 

iy{K,{ipo) n3)CV (9) 

where K^{lpo) :— {f £H \ \\(p ~ foW < e}- Without loss of generahty we assume 
that £ < 1. 

The topology Tq is generated by the functions kg according to ([3]) ; Tq is also 
generated by the functions P i-^ gq^P) '■= \/hg{P) — y^trPQ. In consequence, 
the set 

f^e:=.9QM]l-f,l + |[)n/iQi(]l-^,l + 4[) 

where Q := P^„ and ipQ and s are specified in the preceding paragraph, is 
Tg-open. Using the identity 

where ip € Ti. is also a unit vector, we obtain 

Ue - {P^ e d,S{n) I \gg{P,^) - 1| < I and \hg{P^) - 1| < ^ } 

= [p^ e d,s{n) I \\{poW)\ - 1| < I and iK^^olv)!' - 1| < T } 

= {P^ e deS[n) I \\{pq\p)\-1\ < § and \\p-{po\v)Vo\\ < §}• 
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Now let P^p S Ue- Since e < 1, we have that {(p\(po) ^ 0. Defining the phase 

factor A := #Nt, it follows that 

(vivo)! ' 

WXifi-ifoW = \\Xip - X{ifio\(p)ipo\\ + \\X{ipo\tf)(po - ifiaW 
= \\V>- {vo\f)fo\\ + |||(</'o|¥')|</'o - foil 




That is, e Ue imphes that Xtp e K^{^po); moreover, Xf £ K^^ipo) n 5. 

Taking the result ^ into account, we conclude that, for P^p S Ue, [(p]s = 
[Xip]s = viXifi) G V. Consequently, P^ = F([(^]s) e F{V). Hence, C F{V). 
Since Ue is an open neighborhood of Pip„, P^^ is an interior point of Fiy). So, 
for every [<po]s G V, F{[lpq]s) = P^o is an interior point of F{V), and F{V) 
is a To-open set. Hence, the continuous bijective map F is open and thus a 
homeomorphism. □ 

In the following, we identify the sets V{'H), S/S^, and deSCH) and call 
the identified set the projective Hilbert space V{Ti.). However, we preferably 
think about the elements of 'P{'H) as the one-dimensional orthogonal projections 
P = Ptp. On V{'H) then the quotient topologies Tfj,, the weak topologies To, 
TJu,Ti,...,T5,T^, and the metric topologies T^ , %r coincide. So we can say that 
V{'H) carries a natural topology T; {'P{'H),T) is a second-countable Hausdorff 
space. 

For our purposes, it is suitable to represent this topology T as Tq, T^, or Tj^r- 
As already discussed, the topologies T^, T^, and 71^ are canonically related to 
uniform structures. With respect to the uniform structure inducing Tq, ViTL) 
is not complete. The uniform structures related to and Tj^i- are the same 
since they are induced by the equivalent metrics p„ and pti-; {'Pi'H),Pn) and 
{V{'H),ptr) are separable complete metric spaces. So T can be defined by a 
complete separable metric, i.e., {'P{H),T) is a polish space. 

3 The Measurable Structure of V{n) 

It is almost natural to define a measurable structure on the projective Hilbert 
space 'P{H) by the a-algebra S = S(T) generated by the T-open sets, i.e., 5 
is the smallest cr-algebra containing the open sets of the natural topology T. 
In this way (7'(7i),S) becomes a measurable space where the elements i? S S 
are the Borel sets of 7^(7^). However, since the topology T is generated by the 
transition- probability functions hg according to Eq. ([3]), it is also obvious to 
define the measurable structure of 'P{'H) by the cr-algebra S generated by the 
functions hq, i.e., S is the smallest cr-algebra such that all the functions hg are 
measurable. A result due to Misra (1974) [13, Lemma 3] clarifies the relation 
between S and E. Before stating that result, we recall the following simple 
lemma which we shall also use later. 
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Lemma 2 Let (M,T) be any second- countable topological space, B C T a 
countable base, and S = 2(T) the a-algebra of the Borel sets of M . Then 
S — 'E.{T) — where S(i3) is the a-algebra generated by B; B is a countable 

generator of S. 

Proof. Clearly, C S(T). Since every open set U £ T is the count- 

able union of sets of B, it follows that U £ Therefore, T C E{B) and 

consequently S(T) = □ 

Theorem 6 (Misra) The a-algebra 5 = S(T) of the Borel sets of the projective 
Hubert space 'P{Ti.) and the a-algbra E generated by the transition-probability 
functions Hq, Q £ V{Ti.), are equal. 

Proof. Since T is generated by the functions hg, the latter are continuous 
and consequently S-measurable. Since S is the smallest tr-algebra such that the 
functions kg are measurable, it follows that ECS. 

Now, by Lemma [U T is second-countable, and a countable base B oi T 
is given by the finite intersections of the sets Ukim according to Eq. ([4]). Since 
Ukim G E, it follows that S C E. By LemmalU we conclude that S — S(S) C E. 
Hence, S = E. □ 

We remark that our proof of Misra's theorem is much easier than Misra's 
proof from 1974. The reason is that we explicitly used the countable base B of 
T consisting of E-measurable sets. 

Finally, consider the cr-algebra Sq in V{'H) that is generated by all T- 
continuous real- valued functions on V{TL), i.e., So is the cr-algebra of the Baire 
sets oiViTi.). Obviously, E C So C S; so Theorem [6] implies that So = S. This 
result is, according to a general theorem, also a consequence of the fact that the 
topology T of V{T-L) is metrizable. 

Summarizing, our result E = So = S manifests that the projective Hilbert 
space carries, besides its natural topology T, also a very natural measurable 
structure S. 
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